Abstract. A setting for global variational geometry on Grassmann fibrations is presented. The integral variational functionals for finite dimensional immersed submanifolds are studied by means of the fundamental Lepage equivalent of a homogeneous Lagrangian, which can be regarded as a generalization of the well-known Hilbert form in the classical mechanics. Prolongations of immersions, diffeomorphisms and vector fields to the Grassmann fibrations are introduced as geometric tools for the variations of immersions. The first infinitesimal variation formula together with its consequences, the Euler-Lagrange equations for extremal submanifolds and the Noether theorem for invariant variational functionals are proved. The theory is illustrated on the variational functional for minimal submanifolds.
Introduction
The subject of this paper is the theory of variational functionals for submanifolds, where extremals become submanifolds of Euclidean spaces or general finite dimensional smooth manifolds. Thus, the variational variables will be rather sets than mappings between manifolds. This theory requires adequate underlying geometric structures, the quotient topological spaces the higher-order Grassmann fibrations. Following the pioneering work by Dedecker [6] , the theory has been studied by different authors (cf. Crampin and Saunders [4] , Manno and Vitolo [18] , Grigore [9] ), who employed different geometric structures and variational objects defined on them. The variational theory for one-dimensional immersed submanifolds (fibered mechanics), including the Noether-type invariance theory, was also studied by Urban and Krupka [21, 22, 23] with a direct use of Grassmann fibrations as the underlying spaces.
Our main aim is to develop foundations of multiple-integral variational functionals for submanifolds, defined by differential forms with specific properties -Lepage forms. Roughly speaking, Lepage forms represent a far-going generalization of the well-known Cartan form from the calculus of variations of simple integral problems and classical mechanics. Replacing the initial Lagrangian by its Lepage equivalent, one obtains the same variational functional, but additionaly the geometric and variational properties of the functional are described by geometric operations acting on the corresponding Lepage equivalent. For a review of basic properties and results of the theory of Lepage forms in the calculus of variations, see Krupka, Krupková, and Saunders [17] .
We introduce the concept of a Lepage form for differential forms on manifolds of regular velocities (jets of immersions) with the help of the canonical embedding into fibered velocity spaces. It appears that these forms can be canonically projected onto the Grassmann fibrations, hence we obtain crucial objects for studying variational properties (namely variations, extremals, and invariance properties) of the integral functionals. To this purpose we utilize the concept of the fundamental Lepage equivalent of a Lagrangian, introduced by Krupka [12] on first-order jet prolongation of a fibered manifold over an n-dimensional base. This particular Lepage equivalent is also characterized by the following important property: it is closed if and only if the corresponding Lagrangian is trivial (i.e. the Euler-Lagrange expressions vanish identically). This fact can also be profitably applied in formulation of first-order local variational principles (cf. Brajerčík and Krupka [2] ). In such situation, a global Lagrangian for the variational functional need not be defined. The problem how to reconstruct the variational functional from the local data occurs in many physical theories (see Giachetta, Mangiarotti, and Sardanashvily [8] ).
In Section 2, we briefly summarize basic concepts of Lepage forms in first-order variational field theory on fibered manifolds, including a description of the wellknown examples of Lepage equivalents, namely the Poincaré-Cartan form, the fundamental Lepage form, and the Carathéodory form (cf. Carathéodory [3] ). Section 3 contains the geometric structure of manifolds of velocities and Grassmann fibrations, adapted to our setting. A particular attention is devoted to the Grassmann prolongations of diffeomorphisms and vector fields, used later on within the calculus of variations. In Section 4, we study the fundamental Lepage equivalent of a positive-homogeneous Lagrangian, in particular, we derive its local structure and prove that this differential n-form is defined on the Grassmann fibration. Necessary and sufficient conditions for a function on manifold of regular velocities to be positive homogeneous (the Zermelo conditions, see e.g. McKiernan [19] , Urban and Krupka [24] ) are applied. In this sense, we follow the idea of Krupka [15] , who studied the unique Lepage equivalent of an r-th order Lagrangian in fibered mechanics (the generalization of the Cartan form) under assumption of a positivehomogeneous Lagrangian hence obtaining a generalization of the Hilbert form. An alternative approach was applied by Crampin and Saunders [4] , whose starting object is the Carathéodory form in first-order field theory for a positive-homogeneous Lagrangian, resulting into the Hilbert-Carathéodory form, which differs from the fundamental Lepage equivalent (see Remark 18) . These two Lepage equivalents are, however, very closely related as they both define the minimal submanifold problems (Section 6).
In Section 5, the first-order variational field theory for submanifolds is developed. First we study conditions under which a differential n-form on the manifold of regular n-velocities is a Lepage form (Theorem 19), and observe that horizontal component of a Lepage form is given by a positive-homogeneous function. This allows us to employ the fundamental Lepage equivalent of a homogeneous Lagrangian as a basic element of the theory. We derive the infinitesimal first variation formula and its consequences for extremals and conservation laws in a global sense. Furthermore, we extend the classical invariant variational principles and the Noether theory (see e.g. Kossmann-Schwarzbach [11] , Krupka [16] ) to functionals given by Lepage forms on the Grassmann fibrations.
The results and methods of this work are illustrated on classical example of the variational functional for minimal submanifolds (Section 6). In particular, we show that the fundamental Lepage equivalent and the Hilbert-Carathéodory equivalent of the minimal submanifold Lagrangian coincide. Then we analyze the invariance properties of the variational problem of minimal surfaces (n = 2). It turns out in this example that the "conservation law" equations are completely equivalent with the Euler-Lagrange equations for extremals.
Basic underlying structures, well adapted to this paper, can be found in Grigore and Krupka [10] . Throughout, we use the standard geometric concepts: the exterior derivative d, the contraction i Ξ ρ and the Lie derivative ∂ Ξ ρ of a differential form ρ with respect to a vector field Ξ, and the pull-back operation * acting on differential forms. If (U, ϕ), ϕ = (x j ), is a chart on smooth manifold X, we set
where ε i1i2...in is the Levi-Civita permutation symbol.
Lepage forms in first-order field theory on fibered spaces
In this section we summarize basic ideas and results of first-order Lepage forms in the global calculus of variations on fibered spaces over n-dimensional manifolds. A comprehensive higher-order treatment can be found in Krupka [16] , and in particular first-order field theory was studied by Volná and Urban [25] .
Throughout, we denote by Y a fibered manifold of dimension n + M over an n-dimensional base X with projection π : Y → X the surjective submersion. J 1 Y (resp. J 2 Y ) denotes the first (resp. second) jet prolongation of Y whose elements are jets J 1 x γ (resp. J 2 x γ) of sections γ of π with source x ∈ X and target γ(x) ∈ Y . The canonical jet projections π 1 :
, be a fibered chart on Y , and denote by (
, and by (π(V ), ϕ), ϕ = (x j ), the associated chart on X, where y
A tangent vector ξ at a point y ∈ Y is said to be π-vertical, if T π · ξ = 0, and a differential form ρ on Y is said to be π-horizontal, if for every point y ∈ Y the contraction i ξ ρ(y) vanishes whenever ξ ∈ T y Y is a π-vertical vector. The concepts of π 1 -, π 2 -, π 1,0 -, and π 2,0 -horizontal forms are introduced analogously. A vector field Ξ on Y is called π-projectable, if there exists a vector field ξ on X such that 
q,X W , defined with respect to any fibered chart (V, ψ), ψ = (x i , y K ), by the identities,
where f :
ji is the i-th formal derivative operator associated to (V, ψ). Note that for any section γ of Y , we have
constitute a basis of linear forms on V 1 . For 2 ≤ q ≤ n, any contact q-form on W 1 is locally generated by the contact forms ω K and dω K (cf. Krupka [16] ). Any differential q-form ρ ∈ Ω 1 q W has a unique invariant decomposition
where p k ρ is the k-contact component of ρ, containing exactly k exterior factors ω K in any fibered chart (V, ψ).
In accordance with the general theory of Lepage forms (cf. Krupka [13] ), we say that an n-form
Θ λ is equivalent with λ), and (b) hi ξ dΘ λ = 0 for arbitrary π 1,0 -vertical vector field ξ on W 1 (i.e. Θ λ is a Lepage form).
The following two theorems describe the structure of Lepage forms and Lepage equivalents of a Lagrangian (see Krupka [13, 16] ). 
where the principal component Θ is expressed as
given by hρ = f 0 ω 0 , µ is a contact (n − 1)-form, and an n-form η has the order of contactness ≥ 2.
n W is a Lepage equivalent of λ if and only if the principal component Θ of ρ is defined on W 1 and has an expression
where E is a 1-contact, π 2,0 -horizontal (n + 1)-form, which has a chart expression
with hρ = f 0 ω 0 , and a form F has the order of contactness ≥ 2.
In the class of Lepage equivalents of any first-order Lagrangian we have a possibility to determine a unique Lepage equivalent by means of additional requirements. Let λ ∈ Ω 1 n,X W be a Lagrangian, λ = L ω 0 with respect to a fibered chart (V, ψ), ψ = (x i , y K ), on Y . The following theorems describe some well-known examples.
Theorem 4. (Poincaré-Cartan equivalent) There exists a unique Lepage equivalent Θ λ ∈ Ω 1 n,Y W of λ such that the order of contactness of Θ λ is ≤ 1. Θ λ has a local expression (2.3) with respect to a fibered chart (V, ψ).
is a Lepage equivalent of the first-order Lagrangian λ.
Remark 6. The crucial property of the fundamental Lepage equivalent is characterized by two equivalent conditions: (i) Z λ is closed, (ii) λ is trivial (i.e. the Euler-Lagrange expressions associated with λ vanish identically). Moreover, if ρ ∈ Ω 0 n W , then Z hρ = (π 1,0 ) * ρ. This equivalent was discovered by Krupka [12] (see also Betounes [1] ). Attempts to generalize the fundamental Lepage equivalent to higher-order spaces appeared for dimension n = 2 only, cf. Saunders and Crampin [20] .
is a Lepage equivalent of λ.
Remark 8. The n-form Λ λ (2.5) is called the Carathéodory form. It can be shown that Λ λ is invariant with respect to all coordinate transformations on Y (see Carathéodory [3] , Dedecker [6] ).
The next lemma is needed for further proofs.
with the coefficients skew-symmetric in all indices K 1 , . . . , K k , and in all indices i k+1 , . . . , i q . Then
Alt(i k+1 , . . . , i q ).
Proof. If a q-form ρ ∈ Ω 1 q,Y W has a chart expression (2.6), then the contact components p k ρ of ρ, where 0 ≤ k ≤ q, are given by
where
(a proof can be found in Krupka [16] for differential forms on arbitrary finite-order jet prolongation of a fibered manifold). The identities (2.8) for all k, 0 ≤ k ≤ q, constitute, however, a system of multi-linear equations which can be directly solved with respect to the coefficients A K1...K k i k+1 ...iq . To obtain expressions (2.7), one can proceed by induction with respect to degree k of contactness of ρ.
First-order velocities and Grassmann fibrations
From now on, the concepts and results of Section 2 will be employed for the case of a fibered manifold Y = R n × Q, where Q is a smooth manifold of dimension M = n + m for positive integers n, m. The Cartesian coordinates of R n are denoted by x i , 1 ≤ i ≤ n, and the canonical volume element of R n is denoted by
In the standard sense, T 1 n Q is endowed with the canonical smooth manifold structure: for any chart
Recall that there is a canonical identification of the jet space
, where γ 0 is the principal part of γ, and
The identity (3.3) is used to prove the forthcoming Theorem 13.
We restrict our attention to mappings which are immersions (i.e. their tangent mappings are injective). J n Q is also endowed with another smooth structures. We denote by (i) = (i 1 , i 2 , . . . , i n ) an increasing n-subsequence of the sequence (1, 2, . . . , m + n), and by (σ) the complementary increasing subsequence. From the definition of an immersion it follows that for every regular velocity
is an open subset of V 1 n , and V 1 n is covered by the sets V
1(i) n
, where (i) runs through all n-subsequences of
, constitute an atlas on Imm T 1 n Q (finer than the canonical atlas). Another smooth atlas on Imm T 1 n Q, which arise from the canonical charts, is obtained in the following way. To this purpose we introduce a set of functions z
, which constitute an atlas on Imm T 1 n Q. Note that the coordinate functions w σ i arise as the derivatives ∆ i w σ of the base coordinates w σ , where ∆ i , i ∈ (i), is the (i)-adapted formal derivative morphism over Q, expressed by
A particular subset of regular n-velocities of order 1 whose both the origin and the target are at the point 0 ∈ R n , Imm J
, coincides with the general linear group GL n (R), and is endowed with a global chart defined by the coordinate functions a
is the r-th differential group of R n (known from the theory of differential invariants), and L 1 n = GL n (R). The canonical right action of GL n (R) on T 1 n Q is defined by means of the jet composition and reduces onto
It is easy to observe that the coordinates
Consider the orbit space with respect to the group action (3.7),
with its quotient topology. Elements of G 1 n Q are classes of regular velocities with respect to the equivalence relation "there exists an element
The following theorem characterizes the structure of Imm T n,G , and type fibre G
Proof. See Grigore and Krupka [10] . G 1 n Q together with the smooth and fibration structure described by Theorem 10 is called the Grassmann fibration of order 1 over the manifold Q. A smooth structure on G 1 n Q is described as follows. Let (V
. Usually we do not distinguish between coordinates on Imm T 1 n Q and G 1 n Q, when no misunderstanding may arise.
Let ζ : U → Q be an immersion on an open subset U of R n with values in Q. Recall that the 1-jet prolongation of ζ, the curve T
Indeed, using the property (3.3), for any z ∈Ū we have
Note that combining these concepts, the prolongation of an immersion and the prolongation of a diffeomorphism, it is easy to see that
Consider a vector field Ξ defined on W ⊂ Q, and the local one-parameter group α
Lemma 11. If a vector field Ξ on W ⊂ Q has an expression
where we differentiate the function t → w (3.6) . Using the chart transformation (3.5), a straightforward calculation at a point J 1 0 ζ now gives
proving (3.13).
Remark 12. Lemma 11 is a modification of the standard concept of a jet prolongation of a projectable vector field, defined on a fibered manifold. If Ξ is a vector field on
is a chart on Q such that V ⊂ W , and (Ṽ
The fundamental Lepage equivalent of a homogeneous Lagrangian
First we recall the notion of a positive homogeneous function and study its properties. This is defined as an equivariance with respect to the canonical right action of the identity component GL + n (R) of the general linear group GL n (R). We say that a real-valued function
Note that the elements of GL n (R) used in this definition are represented by orientation-preserving diffeomorphisms.
Let U be an open subset of R n , and let ζ : U → Q be an immersion. Any compact subset S of U associates with a function
The following theorem is a criterion of parameter-invariance of this integral. 
Proof. The proof for n = 1 can be found in Urban and Krupka [24] ; for arbitrary positive integer n the proof proceeds along the same lines.
Remark 14. The identities (4.2) are the well-known Zermelo conditions (cf. McKiernan [19] ). Differentiating (4.2) with respect to y K j , we obtain the following formulas for partial derivatives of a positive homogeneous function F . Namely, for an integer k ≥ 1 we have
Remark 15. On the chart neighborhood V 1(i) n (3.4), the Zermelo conditions (4.2) for the functionF = F • (ψ
where summation runs through i ∈ (i). It is easy to see that this equation can be integrated and its solution is of the form
whereF G is a uniquely given differentiable function onṼ
Lemma 16. Let F : Imm T 1 n Q → R be a positive homogeneous function. Then for every integer k, 0 ≤ k ≤ n − 1, and every integer l such that, k < l ≤ n,
Proof. Formula (4.5) follows from a direct application of (4.3) in (l − k) steps, and the skew-symmetry property of the Levi-Civita symbol. Indeed, we have
. . . ∂y
. . . y
as required.
In the following theorem we study the fundamental Lepage equivalent Z λ (2.4) of a first-order Lagrangian λ ∈ Ω 1 n,R n (R n × Q), λ = L ω 0 , whose Lagrange function L , defined on the manifold of regular velocities Imm T 1 n Q, is positive-homogeneous. We derive its local structure and show, in particular, that the resulting n-form is defined on the Grassmann fibration G 
Proof. Suppose L satisfies the Zermelo condition (4.2) hence also identities (4.5). By Lemma 9, the fundamental Lepage equivalent (2.4) can be expressed as
We claim that Z λ coincides with W λ (4.6). Clearly, the term of Z λ containing the exterior product dy K1 ∧ . . . ∧ dy Kn reads
which coincides with (4.6). Let us show that all terms of Z λ (4.7), which contain exactly k exterior factors dy K vanish whenever 0 ≤ k ≤ n − 1. Indeed, consider the term of Z λ containing the exterior product dy K1 ∧ . . . ∧ dy K k for fixed k, 0 ≤ k ≤ n − 1, whose coefficients are given by (4.8). Applying Lemma 16, we obtain
as required. It remains to show that W λ (4.6) is defined on G 1 n Q. This is, however, a consequence of positive homogeneity of the Lagrange function L and properties of the coordinate transformation ψ
arbitrary term of W λ , up to a coefficient, can be written as We point out that Λ λ (4.9) is different from the n-form W λ (4.6): a simple example for n = 2 is the Lagrangian λ = L ω 0 with positive-homogeneous function L = A P Q y
, where functions A P Q = A P Q (y K ) are skew-symmetric; see also Crampin and Saunders [5] . On the other hand, these two Lepage equivalents are closely related as they coincide for the Lagrangian of minimal submanifolds problem (see Section 6). 
Kn jn
Alt(j k+1 , . . . , j n ).
The n-form hρ (5.2) is said to be the Lagrangian, and its component L (5.3) the Lagrange function, associated to ρ. If ρ is a Lepage form, ρ is also said to be a Lepage equivalent of the Lagrangian λ = hρ. Proof. We apply the criterion for Lepage forms on J 1 (R n × Q). If ρ is expressed by (5.1), we get from (5.4), in particular,
where Substituting now this expression on the right-hand side of (5.6), we get the formula (5.5). This completes the proof. Since A K1K2...Kn (resp. ε jj2...jn ) are skew-symmetric in subscripts (resp. superscripts), we see that the right-hand side of (5.7) vanishes whenever j = k. From (5.7) 
. . . y 3) . Applying the fact that ρ is a Lepage form satisfying (5.5), we obtain for any
Hence W hρ , given by (4.6), is expressed as
Applying the identities (4.3) into (5.8), and using (5.8) recursively for 1 ≤ p ≤ n, we derive the condition (5.10)
for all k, where 1 ≤ k ≤ n − 1. Now, with the help of (5.10), it is straightforward to see that the pull-back operation along T 1 n ζ onto W hρ (5.9) gives
3. Assertion (c) directly follows from the proof of (b), the expression (5.9) of W hρ .
The following theorem describes a close relation of Lepage forms with the calculus of variations, well-known from the variational theory on fibered manifolds (cf. Krupka and Saunders [16] , and references therein).
Proof. Suppose ρ has an expression (5.1) with respect to a chart on Q, with coefficients satisfying the Lepage condition (5.5). We compute the exterior derivative dρ of the Lepage form ρ, and its 1-contact component p 1 dρ. We have
By a direct calculation we get
But from the condition (5.5) it follows that the second summand of (5.13) vanishes hence
Now, using the properties of the Lagrange function L associated to ρ, it is easy to verify that the coefficients of p 1 dρ, the functions ε K (5.14), coincide with E K (L ) given by (5.12).
The (n + 1)-form E ρ = p 1 dρ (5.11) is called the Euler-Lagrange form associated with a Lepage form ρ, and its coefficients E K (L ) are the Euler-Lagrange expressions of the Lagrange function L . ρ
Since L is positive homogeneous (Corollary 20), it follows from Theorem 13 that the integral (5.15) is invariant with respect to reparametrizations; this means that
for any orientation-preserving diffeomorphism µ of R n and any two compact subsets
Moreover, by Theorem 21, (b), it follows that ρ and W hρ (4.6) define the same integral (5.15). Thus, we have
where G 1 n ζ is the Grassmann prolongation of ζ (see (3.9)). The real-valued function ζ → ρ Ω (ζ), defined on the set of immersions from an open subset U of R n into Q, is called the variational functional associated with ρ and Ω. In the standard sense, we describe the behaviour of ρ Ω with respect to variations (deformations) of ζ or, more precisely, variations of the image ζ(Ω) ⊂ Q. Following the geometric foundations of the calculus of variations on fibered spaces (see Krupka [14] ), variations of ζ are induced by means of a vector field.
Let Ξ be a vector field on an open subset W ⊂ Q, and α Ξ t be its local oneparameter group. For every immersion ζ :
•ζ is a one-parameter family of immersions, which depends smoothly on parameter t, and it is called a variation of ζ induced by the vector field Ξ. Since Ω is supposed to be compact, the value of the variational integral ρ Ω (α Ξ t • ζ) (5.15), (5.16) , is defined for all sufficiently small t, and we get
where the identity (3.11) is applied. Appling the theorem on differentiating an integral dependent on a parameter, and with the help of the concept of a Lie derivative of a differential form, we obtain
With the notation given by (5.16), we may denote this number as 
Proof. (a) Suppose Ξ is a vector field on W ⊂ Q. Using the Cartan's formula, we write the Lie derivative of W hρ with respect to
Since W hρ and ρ are both Lepage equivalents of the Lagrangian hρ, it follows from Theorem 3 that (π 2,1 ) * dW hρ = E ρ +F , where E ρ is the Euler-Lagrange form (5.11), and F has the order of contactness ≥ 2. For any form η defined on G 1 n Q, we have (π 2,1 )
, and since the pull-back operation J 2 (id R n × ζ) * annihilates contact forms, we get (5.18).
(b) Formula (5.19) follows from (5.18) and application of the Stokes' theorem. 
(c) In any chart (V, ψ) on Q, the following system for ζ is satisfied
where hρ = L ω 0 , and the left-hand side of (5.21) is given by (5.12).
Proof. We omit the proof since it follows from Theorem 23, (a), and it is a standard result of the global variational theory on fibered manifolds.
The system of second-order partial differential equations (5.21) for ζ is called the Euler-Lagrange equations, associated with the Lepage form ρ. 
Let η be an n-form defined onW 1 , and let α : W → Q be a diffeomorphism. We say that η is invariant with respect to α, if
where G 1 n α is the Grassmann prolongation of α (see (3.10)), andΘ 1 W is the contact ideal (Sec. 3). If condition (5.22) is satisfied, α is also said to be an invariance transformation of η. It is straightforward to apply this definition to vector fields by means of their one-parameter groups. We say that a vector field Ξ on W is a generator of invariance transformations of the form η, if the one-parameter group α Ξ t of Ξ consists of invariance transformations of η.
Denote by α Ξ the global flow of a vector field Ξ. We have the following basic formula applied to the Grassmann prolongation of a vector field.
Lemma 25. Let η be an n-form onW 1 ⊂ G 1 n Q, and Ξ be a vector field on W . Then
for every point (t, [J 
Proof. The proof is a straightforward extension of an analogous result; see Urban and Krupka [22] .
Corollary 27. Let ρ be a π 1,0 -horizontal Lepage form on Imm T 1 n Q, and W hρ be the fundamental Lepage equivalent of the Lagrangian hρ. Let Ξ be the generator of invariance transformations of W hρ . Then
where Θ 2 W is the ideal of forms, locally generated by contact 1-forms
Proof. Using Theorem 26, formula (5.24) is a restatement of the first variation formula (5.20) for invariant Lepage forms.
. Now we follow the geometric ideas of the theory of higher-order variational functionals on fibered manifolds (see Krupka [13] ), and we extend the classical Noether's theorem to Grassmann fibrations. 
Example: Variational functional for minimal submanifolds
Suppose Q is a smooth manifold of dimension n+m, endowed with a Riemannian metric g, and let ζ : X → Q be an immersion defined on an n-dimensional smooth manifold X. Let (U, ϕ), ϕ = (x j ), be a chart on X, and (V, ψ), ψ = (y K ), be a chart on Q such that ζ(U ) ⊂ V . If g has the expression g = g KL dy K ⊗ dy L , then the induced Riemannian metric ζ * g on X is expressed by the formula
and the induced Riemannian volume element on X reads
Consider now X = R n with the global canonical coordinates x j , 1 ≤ j ≤ n. The Lagrangian for the problem of n-dimensional minimal submanifolds λ = L ω 0 , is defined by the positive-homogeneous function L :
Assigning to λ the fundamental Lepage equivalent W λ (4.6), we have the corresponding variational functional (see (5.16)) for immersions ζ of R n into Q, associated with a compact subset Ω of R n ,
In [14] , Krupka proposed the n-form ω, given in a chart (V, ψ) by
where D L1L2...Ln = det(y Lj k ), 1 ≤ j, k ≤ n, which can be regarded as a Lagrangian for the problem of minimal submanifolds, and satisfies the condition T 1 n ζ * ω λ = ω ζ,g . Note that ω λ is a Lepage form on Imm T 1 n Q, as introduced in Section 5.1.
, be the Lagrangian of order 1, given by (6.1). Then the Lepage equivalents of λ, W λ (4.6), Λ λ (4.9), and ω λ (6.3) coincide, and are defined on the Grassmann fibration G 1 n Q.
Proof. 1. We show that Λ λ = ω λ . Write (6.4) and for any p, 1 ≤ p ≤ n, we get
A straightforward application of (6.5) now implies the expression ∂L ∂y
However, from the symmetry and skew-symmetry properties of the expression (6.6), we are allowed to replace the term D
n by the product of determinants
where τ runs through the cyclic permutations (1, 2, . . . , n), (n, 1, 2, . . . , n − 1), . . ., (2, 3, . . . , n, 1). Using (6.4), (6.7), we now get
2. To show that W λ = ω λ , we proceed by a straightforward differentiating of L with respect to the variables y Remark 30. A relationship between the Hilbert-Carathéodory form Λ λ and the fundamental Lepage equivalent W λ of the corresponding positive-homogeneous Lagrangian λ was also studied by Crampin and Saunders [5] for trivial Lagrangians; it is proved that a Lagrange function of the form L = det(d j f k ) , where f k , 1 ≤ k ≤ n, are some functions on Q, has the property that the forms Λ λ and W λ coincide. Theorem 29 shows, however, a different example of a positive-homogeneous Lagrangian with this property, the minimal submanifolds Lagrangian.
By Theorem 24, (5.21), the equations for extremals, associated with the Lagrange function L (6.1), read We conclude this section with an application of the Noether's theorem (Theorem 28) to the problem of 2-dimensional immersed minimal submanifolds of a Euclidean space.
Consider the Euclidean space Q = R m+2 with its canonical smooth manifold structure. Let Ξ be a vector field on R m+2 , and G 2 ) ·L G (see (4.4) ). Moreover, if Q = R m+2 is considered with the Euclidean metric g = (δ KL ), it is easy to show that a vector field ξ with constant coefficients is a general solution of equation (6.9) . Hence, we obtain (m + 2)-dimensional Lie algebra of generators of invariance transformations of the Lepage equivalent ω λ , generated by the vector fields ξ 1 = ∂/∂w i1 , ξ 2 = ∂/∂w i2 , ξ µ = ∂/∂w µ . Contracting the Lepage form ω λ by the generators of invariance transformations, we obtain the Noether currents (first integrals), locally expressed by By Theorem 28, linear forms (6.10) are closed hence also exact along every extremal ζ : R 2 ⊃ U → R m+2 of the variational functional (6.2) . This result extends the concept of a Noether current as a level-set function for extremals, known in the classical mechanics (cf. Urban and Krupka [22, 23] ).
Finally, we consider 2-dimensional nonparametric minimal surfaces of R 3 . Write y 1 = x, y 2 = y, y 3 = z, the canonical global coordinates of R 3 , and y 1 j = x j , y 2 j = y j , y Substituting now into this equation the partial derivatives of f and g, determined by (6.13), we conclude that u = u(x, y) is a solution of the minimal surface equation (6.11) .
Remark 31. Equivalence of the Euler-Lagrange equations for extremals on one side, and a system of conservation law equations on the other side, is not understood in general yet. Our results for the minimal submanifolds problem extend particular examples from geometric mechanics which illustrate this phenomena, see Urban and Krupka [22, 23] .
